In this paper we will study tachyon effective action for Dp-brane in bosonic string theory in the linear dilaton background. We obtain the tachyon effective Lagrangian from boundary state coeficient of Dp-brane in the linear dilaton background and compare it with tachyon effective Lagrangians that were proposed in previous papers.
Introduction
Study of the tachyon condensation is one of the central themes in the string theory research in last few years [1] . Many powerful methods were developed in order to describe this process, for example it was realised that open string field theory is very useful tool for analysis of the tachyon condensation 1 . In some situations one can also analyse the tachyon condensation using worldsheet conformal field theory description [1, 5] . It was also shown that the tachyon condensation could be described in terms of the non-commutative geometry [6] . One of the most remarkable results given in last year is the fact that in some situation the tachyon condensation could be successfully described in terms of the effective field theory including the tachyon field and massless modes living on unstable D-brane 2 . Very nice discussion considering the tachyon effective field theory was given recently in [27] . According to this paper it seems that there is no much sense to find tachyon effective action only since the scale of the masses of an infinite set of massive string modes is the same at the tachyon mass and thus to keeping the tachyon while integrate out all other string modes my appear to be not well defined. On the other hand one may hope that some aspects of string dynamics can be captured by an effective field theory action invoking only the tachyon fields and massless modes, where all other massive modes decouple at a vicinity of certain conformal points. One such an example of an exact conformal point that was studied recently is a time-dependent background which should represent an exact boundary conformal theory [15, 16] T = f 0 e µx 0 +f 0 e −µx 0 , (1.1) where in the superstring case µ 2 super = 1 2 and in case of bosonic string theory µ 2 bose = 1. Its special case is the "rolling tachyon" background T = f 0 e µx 0 .
(1.
2)
The disk partition function in this background was recently studied in [30] suggesting that the corresponding potential term should look like
(1.3)
Then it was shown in [19, 29] 3 that demanding that a generic first-order Lagrangian should have (1.1) (for µ super ) as its exact solution fixes its time-derivative part to be
If we now assume as in [19] that (1.4) has a direct Lorentz-covariant generalisation we obtain the tachyon effective action for unstable Dp-brane in supersymmetric theory
The Lagrangian given in (1.5) after field redefinition T √ 2 = sinhT √ 2 becomes "tachyon DBI" Lagrangian
(1.6)
The arguments based on having (1.1) as an exact solution fixes only the timederivative dependence of the action (1.5). On the other hand it is possible that the covariantisation of (1.4) to (1.5) could be rather subtle [27] . In fact, the exact description for the string partition function evaluated on more general background
should be Lorentz-covariant, but that need not apply to its first-derivative part only. Exactly such a behaviour was observed in [27] where the string partition function in bosonic string theory was calculated on the tachyon profile T = f (x i )e x 0 which results into following tachyon effective Lagrangian
In supersymmetric case, where the tachyon profile is
we obtain tachyon effective Lagrangian
where s 1 can be changed by field redefinition. As was shown in [27] this Lagrangian differs from (1.5) evaluated on the profile (1.9).
The discussion given above implies that the form of the tachyon effective action strongly depends on the point in the field theory space where this action is calculated from the string partition function. For example, it was shown recently in [29] that the Lagrangian (1.5) correctly reproduces string S-matrix tree level amplitudes near the conformal point T = e x 0 √ 2 on condition that spatial momenta of initial a final states are small. This fact gives strong support for the validity of (1.5) at least for description of tachyon dynamics close to the rolling tachyon solution (1.2). On the other hand in our recent paper [25] we have shown that there are problems when we try to apply the action (1.5) to the case of linear dilaton background. The lesson from these arguments is that we should be very careful when we try to use tachyon effective actions in regions of field theory space where its validity is not established.
In this paper we will continue the study of the tachyon effective actions in the linear dilaton background. The starting point of our analysis will be results given in very nice paper [31] where the string theory on D-branes in linear dilaton background was studied. We use the expression for the boundary state coefficientB(x) obtained there and following the general strategy [32] we will interpret this one point function as a tachyon effective Lagrangian evaluated on the marginal tachyon profile T = πλe βt . Then in order to gain some information about the tachyon effective action we will expand this one point function for case of small T and also for case of "weak" dilaton background V 0 ≪ 1. Then we compare resulting effective Lagrangian with the tachyon effective Lagrangians obtained in previous papers [19, 27] . We find that the tachyon effective action obtained here has the similar form as the tachyon effective action for D-brane in bosonic theory (1.8) . Then using the results given in [31] we will consider the case when the tachyon field is still marginal however now also depends on the spatial coordinates. We obtain an exact form of the string partition function that is manifestly Lorentz-covariant which implies that the tachyon effective Lagrangian evaluated on marginal tachyon profile is Lorentz-covariant as well. Since the form of this effective Lagrangian is rather complicated we restrict ourselves to the case of weak linear dilaton background. Once again we obtain action that coincides with the action given in [27] .
This paper is organised as follows. In section (2) we review results given in [31] that are needed for our calculation. In section (3) we will consider the situation when the time-like component of dilaton vector is small V 0 ≪ 1 and we can perform an expansion of the one point function with respect to the small parameter V 0 . In section (4) we generalise the calculation given in [31] to the tachyon boundary perturbation that depends on the spatial coordinates as well. In conclusion (5) we outline our results and suggest possible extension of our work.
Review of the tachyon condensation on D-brane in the linear dilaton background
In this section we briefly review the description of the tachyon condensation in the linear dilaton background how was presented in [31] . We begin with the fact that tachyon condensate on unstable D-brane that describes its time-dependent decay is T = πλe βX 0 with β > 0. We will study this process in arbitrary spacelike dilaton
The weight of the worldsheet boundary interaction operator is β(β − V 0 ). Requiring the weight to be equal to 1 we obtain
As was shown in [31] the time-like part of the worldsheet CFT is the Timelike Boundary Liouville theory [33]
where K is the extrinsic curvature which integrates to 2π around the boundary of the disc. The action (2.3) is related to the standard boundary Liouville theory with
The boundary Liouville theory (2.4) was studied in [34, 35, 36, 37, 38, 39] .
Among many interesting results that were calculated in [31] the most important for our calculation is the boundary state coefficientB(x) that is given by a disc worldsheet one point functioñ
where D means the dimension of target spacetime. Recall that there is following relation between D and V µ in critical string theory
As in [31] we require the dilaton gradient to point along the unstable D-brane. Now we will argue how (2.5) is related to the tachyon effective Lagrangian evaluated on the profile T = πλe βx 0 . The general definition of the stress energy tensor is
If we now presume that the tachyon effective action has the form
On the other hand it was shown in [31] that the stress energy tensor of D-brane in the linear dilaton background can be expressed in terms of the boundary states coefficientsÃ µν (x) ,B(x) as
where the explicit form ofÃ µν (x) is not important for us. Comparing (2.9) with (2.10) we can anticipate that the Lagrangian evaluated on the tachyon profile T = πλe βt is equal to
The expression (2.5) was calculated in [33] with the result
.
(2.13)
Following [31] we rewrite (2.12) into the form that will be suitable for our analysis
where we have introduced the tachyon field 15) and where δ(x T ) means the transverse delta function projecting onto the Dp-brane.
In what follows we suppress this delta function. According to the discussion given above (2.14) implies that the tachyon effective Lagrangian evaluated on the marginal profile (2.15) in the linear dilaton background is equal to
We present various checks that this Lagrangian reduces to the more familiar one in various limits of tachyon field theory space. First of all, for t → −∞ we can write 
Weak linear dilaton background
As we said above the formulation weak linear dilaton background means that V 0 ≪ 1.
Since we demand that β > 0 in order to describe tachyon condensation where the tachyon field rolls from T = 0 to T = ∞ the condition of marginality β 2 − βV 0 = 1 implies
In the first approximation we can write Γ(1 + β 2 ) ≈ Γ(2) = 1 and hence we get
where we have used Let us say few comments about (3.2) . First of all we must explain why we have replaced V 0 with β 2 − 1 using (3.1). We can argue as follows. The presence of the expression V 0 T suggests that the Lagrangian could contain terms as ∂ µ Φ∂ ν T g µν that are rather unusual and lead to some problems. For example, the variation of the action containing such terms with respect to g µν will produce expressions proportional to ∂ µ Φ∂ ν T = ∂ µ Φ∂ 0 T . These expressions would be presented in the components T i0 of the stress energy tensor. On the other hand we know from [31] that the stress energy tensor for the rolling tachyon solution in the linear dilaton background is diagonal so that T 0i = 0. Since the Lagrangian (3.2) is evaluated on the marginal tachyon profile where (3.1) holds we mean that it is appropriate to replace V 0 with β 2 −1. The next issue is how to interpret the expression (β 2 −1)T . It can be written eitherṪ
or asT − T . The first possibility is non-analytic around the point T = 0 but together with the factor ln(1 +T ) ∼ T for T ≪ 1 we get analytic expression. On the other hand we mean that it is reasonable to replace (β 2 − 1)T withT −T in terms where the choiceṪ 2 −T 2 T would lead to the non-analytic behaviour around the point T = 0. In fact, the importance of higher derivative terms in the tachyon effective Lagrangian was discussed recently in [27] . On the other hand it is clear that the expression (β 2 −1)T is in principle ambiguous and that the requirement of the analycity of the tachyon effective Lagrangian around the point T = 0 need not be fundamental. Moreover it is possible that non-analytic terms could play significant role in some situations. We mean that in order to resolve this issue we should calculate the string partition function on more general tachyon background. However calculation such a partition function on general tachyon background is very complicated task which is certainly beyond the scope of this paper. For that reason we will follow the arguments given above so that we write (3.2) as
We see that (3.4) has similar form as the Lagrangian (1.8) and we also mean that this coincidence could serve as a support for the replacement (β 2 − 1)T withT − T in terms non-analytic around T = 0. We must also mention that in some sense the similarity between (3.4) and (1.8) should not come as a big surprise since both Lagrangians are calculated from the string partition function even if closed string background and hence worldsheet conformal field theories are different. The more interesting question is whether there is a relation between (3.4) and the bosonic version of (1.4) given in [25] 
where we now presume that (3.5) is valid in the nontrivial dilaton background as well. Since for the weak linear dilaton the factor T − (∂ 0 T ) 2
that is clearly different from (3.4) . We mean that this fact is in agreement with the claims given in [27] that the tachyon effective Lagrangians (1.4),(3.5) do not follow directly from the string partition function. We return to this issue in the conclusion.
Spatial dependent tachyon profile
In this section we will consider the tachyon boundary interaction that also depends on spatial coordinates. More precisely, we presume that the marginal interaction inserted on the boundary of the worldsheet is
For precise discussion of the bosonic D-brane tachyon effective action, see also [26] . 6 It is important that (3.5) also implies 1 − (β 2 − 1)T > 1 ⇒ T < 1 β 2 −1 . On the other hand for exponential form of T ≈ e βx 0 there will be certainly time x 0 * for which T (x 0 * ) = 1 β 2 −1 . For this time event the Lagrangian is equal to zero and then becomes imaginary. This fact again suggests problems with the generalisation of (3.5) to the linear dilaton background. We can also observe that the same problem arises in the supersymmetric version (1.4) as well.
In this case the action for the worldsheet CFT has the form
From this explicit form of the string worldsheet action it is clear that the exact form of the string partition function is manifestly Lorentz covariant. On the other hand it is possible that the expansion of the partition function in powers of ∂T will lead to the Lagrangian where the manifest Lorentz covariance is lost. This is an important issue that was extensively discussed recently in [27] . One can hope that the study the tachyon effective Lagrangian in the linear dilaton background could be helpful for addressing this problem. In fact, we will see that results given in this section suggest possible covariant extension of (1.8).
First of all, using the manifest Lorentz covariance we can bring β µ in (4.1) into the frame where T = exp(β µ X µ ) = exp(β ′ 0 X 0 ′ ). The the worldsheet action (4.2) is
that has the same form as the worldsheet action given in section (2) . Hence the coefficientB will be the samẽ
where we have introduced the tachyon field T = πλe βµx µ (4.5) and we have also used explicit Lorentz covariance ofB. Using the relation betweeñ B and L we obtain the tachyon effective Lagrangian evaluated on the tachyon profile (4.5) in the form
In order to obtain more transparent form of the Lagrangian let us again consider the case when the dilaton gradient is small. Now the condition of marginality implies
on condition of the weak dilaton background V µ ≪ 1 , V µ V µ > 0. With this assumption we immediately get 
(4.9) The Lagrangian given above is the main result of this paper. Note also that after integration by parts in the second term in (4.9) we get
(4.10) where we have used the on shell condition for the tachyon
(4.11)
Let us now presume that (4.9) is also valid for general tachyon not obeying the condition of marginality 7 . Then we see that (4.9) could be considered as covariant version of (1.8). In fact, when we insert the tachyon field T = f (x i )e x 0 into the Lagrangian (4.9) we get
We must also mention that in order to avoid possible problems with the derivatives of dilaton when we performed the integration by parts that maps (4.9) to (4.10) we had to use on shell condition (4.11) . Without using this condition the Lagrangian would contain terms proportional to η µν ∂ µ Φ∂ ν T that would imply existence of non diagonal components T 0i of the stress energy tensor even for pure time dependent rolling tachyon. The upshot of this footnote is that generalisation of (4.9) from the marginal tachyon profile to the general tachyon field could be rather subtle. that after identification 1 − C = − s 1 2 is the same as (1.8) . We must mention that s 1 is cut-off dependent coefficient which is in principle ambiguous and can be changed by field redefinition. Note also that for small T (4.10) has the form
(4. 13) We see that this Lagrangian is different from the standard bosonic tachyon Lagrangian describing the tachyon dynamics around the perturbative vacuum T = 0
Note that the same thing was recently observed in [27] in case of the Lagrangian (1.8). Then it is not surprising that the tachyon profile T = e βµx µ is not solution of the equation of motion that arises from (4.13)
We can explain this puzzle as follows. In order to derive the correct equation of motion one needs to compute first the partition function for the general tachyon field. In our case we have calculated the partition function on the exact marginal perturbation so that it is possible that in the resulting Lagrangian some terms are missing which would be nonzero for general off shell tachyon profile. We also have ambiguity when we have replaced β 2 with eitherT T or withṪ 2 T 2 . In order to obtain more general effective Lagrangian we should consider arbitrary boundary tachyon perturbation on the string worldsheet and study this problem using the boundary string field theory [40] .
Conclusion
The main goal of this paper was to study the tachyon effective action for Dp-brane in the bosonic string theory in the linear dilaton background. We have based this analysis on the known form of the boundary state coefficient given in [31] and its relation to the tachyon effective Lagrangian evaluated on the tachyon marginal profile. As we could see in section (2) this Lagrangian which is valid for general spacelike dilaton vector V µ has rather unfamiliar form. However we have shown that in case of vanishing dilaton field V µ = 0 the Lagrangian is the same as the Lagrangians calculated for exactly time dependent tachyon profile in [19, 27] . This coincidence also holds in the far past for general V µ . Much more informations we have got when we considered the case when the time-like component of the dilaton vector V 0 is small. Then we could introduce small parameter proportional to V 0 and perform an expansion in the tachyon Lagrangian with respect to it. Using the condition of the marginality of the tachyon profile we have got the tachyon effective Lagrangian that has similar form as the Lagrangian (1.8). This coincidence was much sharper when we have generalised the pure time dependent tachyon condensation to the case when the tachyon profile depends on spatial coordinates as well. We have argued that this can be done very easily using manifest Lorentz-covariance of the boundary state coefficientB(x). Then we have found that the resulting effective tachyon Lagrangian has the same form as the effective tachyon Lagrangian evaluated in [27] . On the other hand we have also shown that this Lagrangian is different from the Lagrangian (3.5) generalised to the case of the linear dilaton background. Then we have argued that this result is in agreement with the claim given in [27] where it was said that (1.4) and (3.5) do not directly follow from the string partition function. Of course this fact does not mean that the Lagrangian (1.4) is not suitable for descriptions of the tachyon condensation. Moreover, it was shown recently in [29] that (1.4) gives the excellent description of the tachyon dynamics around the point in the tachyon field space that corresponds to the rolling tachyon background. We must also mention very interesting paper [42] where it was shown that "tachyon DBI" Lagrangian (1.6) gives excellent description of the moduli space of unstable D-branes on a circle of critical radius. On the other hand we have shown recently in [25] that the application of (3.5) to the description of the tachyon condensation in the case of linear dilaton background leads to results which are different from results given in [31] 8 .
The extension of our calculations is obvious. We mean that it would be very interesting to perform the same analysis in the supersymmetric case as well. In order to do this we should firstly understand the time-like form of the N = 1 super Liouville theory [43, 44, 45] , following [33] . We hope to return to this problem in future.
